RENORMALIZED PRODUCTS OF THE GENERALIZED FREE FIELD AND ITS DERIVATIVES ABEL KLEIN
Renormalized products of the generalized free field and its derivatives are shown to exist as continuous sesquilinear forms on the C~-vectors of the adjusted free Hamiltonian. Smeared in space and time, with some restrictions on the time smearing, and mild restrictions on the generalized free field, they are shown to be densely defined operators, admitting a self-adjoint extension when the smearing is even in time. Lorentz covariance of these products is shown.
In [4, 5] , Segal has given an intrinsic characterization for the renormalized powers of field operators, which were first introduced by G. C. Wick as a procedure for standardizing the removal of infinities from products of field operators. Segal characterizes these "Wick products" by their commutation relations with the field operators plus the requirement of zero vacuum expectation. He also shows their existence and uniqueness in the case of the "neutral scalar free field" associated with a locally compact abelian group with a given energy operator. They have the property that the field operators at a fixed time generate a maximal abelian selfadjoint algebra. We extend SegaFs results to the case of a more general field, commonly called the "generalized free field", introduced by Greenberg [2] . In the case of the generalized free field, the field at a fixed time is not an operator in general, and the field operators must be smeared in time as well as in space, and thus the field operators do not commute. Nevertheless, we show that the methods of [5] still apply, and we extend them to products also involving derivatives of the field. In particular, these extend the results of [5] for products of the form :φ{x) r φ (x) s : in the case of the neutral scalar free field over R n with the usual energy operator. The renormalized products of the generalized free field and its derivatives are shown to exist as continuous sesquilinear forms on the C"-vectors of the adjusted free Hamiltonian. Moreover, under very mild restrictions on the generalized free field, these renormalized products are shown to be densely defined operators having the C°°-vectors of the adjusted free Hamiltonian in its domain, when the smearing in time is done by a function whose Fourier transform goes to zero fast enough at °o, and admits a self-ad joint extension, when the smearing function is also real and even in time. This was done in [6] for powers of the neutral scalar free field. We also show Lorentz covariance of these renormalized products.
B. Simon has pointed out to the author that the result on the existence of self-adjoint extensions follows from Wightman [7, Theorem 3, p. 592] . However, in the case of the renormalized products of the generalized free field and its derivatives it is straightforward to prove it directly, without appealing to the PCT theoremIt should be noted that the renormalized products of the neutral scalar free field have been studied by Wightman and Garding [8] . Our work is more on the spirit of Segal [4, 5, 6] . 1* Preliminaries* We shall use the convention that the inner product in a complex Hubert space is antilinear in the first coordinate, and linear in the second.
If έ%f is a given complex Hubert space, the corresponding free Weyl process {J%Γ, W> Γ, v) consists of (i) a complex Hubert space J%Γ.
(ii) a continuous map W from £ίf to the unitary operators on 5$Γ satisfying the Weyl relations:
(iii) a continuous unitary representation U~>Γ(U) of the group of all unitary operators on <βgf, such that: 
where μ is a positive measure on (0, oo), such that
) < oo for some r > 0 .
Let jr= {/€L 2 (Jlί, dp)\f(k) = /(-&) for all fc in Λf}. ^ is a real Hubert space, with inner product (/, g) = \ f(k)g(k)dp(k). We make Sίf into a complex Hubert space by defining multiplication by i to be the operator j given by
and -1 if ά 0 < 0. We can now introduce the complex inner product </, £> = (/, 9) + i(jf, §)* More explicitly, if Ά(f, g) = Im</, g}, then (7, g)= -i\ e(k)?(k)g(k)dp(k), and </, §^> = 2 j f{k)g{k)θ{k)dp{k), where θ{k) -1 if fe 0 > 0, and 0 otherwise.
Moreover, as peS^', S^(M) <zL 2 (M, dp), and is dense in L 2 (M,dρ) , so RS^(M) c 3ίf and dense in it (actually, we have to identify functions in Sf that are equal almost everywhere with respect to p, but we will leave this understood). As the Fourier transform is an isomorphism from £f onto £f, we can transfer to RS^(M) the Hubert space structure, and let έ%f be the completion of RS^(M). Then we can extend the Fourier transform to £ίf, and it is a unitary map from £ίf onto 3ίf. Thus if /, g e Sίf, </, g}^ = </, g)^, and we will
DEFINITION. The generalized free field associated with p is the free Weyl process over έ%f. Let (^7 W, Γ, v) be the free Weyl process over £if. Then the field operators Φ{f) are defined by e itΦ{f) = W(ί/), for /e^K Then -ΪA(/, flr). For /, flr e R^(M), we have
The We recall that in the general case, dp
. That is the way generalized free fields were first introduced by 0. W. Greenberg in [2] , by requiring the field commutation relations to be an integral with respect to the mass of the commutation relations of the neutral scalar free fields. We would like now to introduce a particular representation of the generalized free field, which we are going to use in the computations. Let dp+(k) = Θ{k)dρ{k), and M% = L 2 (M, dρ+) . Then the mapping /-+T/ΊΓ θf is unitary from £ίf onto <%+, and so we can represent the free Weyl process over £ίf as the free Weyl process over ^g%, and we are going to use the Fock-Cook representation (see [1] ), in which Sίί-Σ"=o Θ ^^> where 3ίί n is the symmetrized w-fold tensor product of Jg% with itself. In particular, as -L 2 (M, dp + ) , 3Γ n = SL 2 (M n , ΠU dp +i ) ,
where dp +i -dp + for i = 1, •••, n, and SL 2 means the symmetric functions in L 2 . If weX Λ , we will write w~ F(k l9 •••,&») to mean w corresponds to the square-integrable symmetric function
In this representation the annihilation operator C*(g), for g^Sίf, is given by 
can be considered as a tempered operator valued distribution, as the topology of RS^ is finer then the topology of Sίf. Thus we can define the derivatives of the field in the same way as for distributions. More precisely, let 3 be a linear differential operator with constant coefficients on M, and let 3* be its formal adjoint. We define
for / e RSf. Symbolically,
is well defined and is again in Sf'.
In R£ζ 3 is just multiplication by a polynomial, which we will denote by 9. On the support of p, As shown by Segal in [4, 5] , the right thing to ask is for these renormalized products to behave in an algebraic sense like ordinary products, i.e., behave under commutation like ordinary products, and have zero vacuum expectation. Proceeding formally, we have
where by D * g we mean 1 D(α? -y)g{y)dy. In general this is an element of ^%t but not necessarily a function on M. But with the right restrictions on g it will be a bounded C°°-function. PROPOSITION 
Let gz£έf be such that SeL^M^dp). Then D * g is well-defined as a bounded continuous function on M.
Moreover, if kogeL^M, dp) for all r -0,1, 2, , D * g is a C°°-function.
Proof. If geL^M.dp), D * g is the Fourier-Stieltjes transform of the complex measure -iε(k)g(k)dp(k). To show it is continuously differentiate just recall \k | ^ | k 0 ] on the support of p.
DEFINITION. For any positive operator A in a Hubert space, £^U(A) will denote the common part of the domains of the A r , r = 1, 2, and \3f*XA)\ denotes this set as a topological vector space in the topology in which a generic neighborhood of 0 consists of all x such that || A r x\\ < ε for r < r 0 , for some e and r 0 .
We are now ready to state our first theorem. Proof. We first notice that if ge&Jβ), then geL^M.dp), for g = β v gβ~p, so if we take p large enough so that /S" 1 e L 2P (M, dp), it follows g is the product of two functions, each of which is in L 2 (M, dp), and thus it is in L^M, dp). Similarly JcSgeL^M, dp) for all s - , and has zero vacuum expectation.
The proof of the existence proceeds by the establishment of existence and properties of the limit of (u,: d^(g x 
w}, as g converges to the δ function, where g x (y) = g(y -x), w,ue & W {H), and : : is the renormalization map with respect to the normal vacuum studied by Segal in [4, pp. 426-34] ,
We will divide the proof in several lemmas. But before proceeding with it we need to introduce some notation: we will write Thus, if w e 3tί m Π &{H) and w -F(k ly , k m ), 
Recalling that if w e SΓ nf u e J^ς, then <u, Ciad C(g 8 )C*(g s+ί ) . . C*(g r )w> = 0 unless m -s = tι -(r -β), and how C(g) acts on ^ in this representation, we get the lemma.
LEMMA 2. There exists a constant A, and a positive integer α, independent of g, such that for arbitrary w, ue (u,: di0(g 
where j IZ., w (fc lf , K) I d/o+ίfcO dp + (k r )
Proof. Consider first the special case of Lemma 1, i.e.,  weJT n n &JJH) , ueJ$2Γι &JJ3) .
Then, by Lemma 1, the conclusion is equivalent to
where <^ ( 'γ \ G(k', p) F{k", p) dp + (k)dp + (p) where 
as J5 ^ || β" 1 ||~x > 0, and similarly for the term in F, all that remains to show is that the last term in the estimate is bounded by a constant independently of m and n. In fact, \ which if 0 < s < r, is less than equal to β s (kT 2b dp + (k') J β r -s {k")dp + {k") which in turn can be bounded by (I (β(q)~2 b + β(q)~2 bjr )dp + (q)j, as we will show, and that is bounded independently of m and n, if we choose b large enough so that 2b/r > p 0 , as β~ιeL p for p e [p 0 , oo]. It suffices thus to show that
But this follows from the inequality It follows || K u , w \l g 2rA || (1 + fΓ)"M|| || (1 + fl) β w|l» as required. 
This follows from e mh) Φ(g)e~m h) (g, h) , which follows from the Weyl relations, together with an induction using Theorem 1.3 (a) of [4] .
If we now apply the expression above to w, and take its inner product with u, having substituted g x for g, and then take the limit as g-»δ, we obtain (iii), noticing that lim ff REMARK. Our next theorem will be to the effect that the Φ(3i 9 r : /) are indeed densely defined operators, with some mild restrictions on p, for a certain class of /'s, and have SfJJΆ^ on its domain, where H Q is the adjusted free Hamiltonian. Another way of getting that kind of result, would be to prove that the vacuum v is in the domain of the Φ (d u , d r ; /), for a certain class ^7 that could be taken as S^{M), which is invariant under the dj(D*g), by Proposition 1, and then apply Proposition 2. The proof that v is in all those domains, is contained in the proof of Theorem 2, and we would need condition (ii) of Theorem 2, but (iii) is not needed. Of course, the result is somewhat weaker than Theorem 2, as our operators would have a smaller domain. (ii) 1(1 + m)~qτnr ι dμ{m 2 ) < oo, for some g^L (iii) \ m~ιdμ(m 2 ) fg c^2, for some c γ > 0, c 2 > 0.
